EECS 483: Compiler Construction

Lecture 22:
Parsing I: Context Free Grammars

April 6
Winter Semester 2026



Midterm

- Midterm scores were released on Friday.

- Stats (No curve):
Mean: 83%
Median: 85%
- Solution will be posted Tuesday April 7 (tomorrow)

- Regrade requests are open on Gradescope, will be closed this
weekend so get In any requests by Friday evening.



Assignment 5

Assignment 5 starter code and specification released.

Covers register allocation and assertion removal optimizations.
Due on Sunday, April 19, with usual 2 late days.

Different structure than past assignments, so get started early to
make sure you understand It.



Learning Objectives

What is syntactic analysis?
Why do we separate syntactic analysis from lexical analysis?

What are Context-free grammars (CFGs)?
What is the difference between a parse tree and a derivation?

How are programming-language concepts such as associativity and
precedence encoded in CFGs?

Time permitting: LL(1) grammars and parsing.
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while (a != 1) {

}

Parsing: Finding Syntactic Structure

(b == 0) a

print int(a);

a

= a — 1;

Source input

b;

Lexing/
Lexical Analysis

—)

Block

Abstract Syntax tree

LB IF LP Ident(b) EQEQ

Num(0) RP Ident(a) EQ Ident(b)
SEMI WHILE LP Ident(a) NEQ
Num(l) RP LB Ident(print int)
LP Var(a) RP SEMI Ident(a) EQ
Ident(a) MINUS Number(1l)

SEMI RB RB

Token Stream

Parsing/
Syntactic Analysis




Syntactic Analysis aka Parsing

The task of the syntactic analysis is to produce an abstract syntax tree from a token stream (the
output from lexing), rejecting the input if it is not well-formed.

Similarities to lexing:

1. Input is a string (of tokens rather than characters)

2. Need to identify *if* the input is well-formed (language recognition)

3. Need to decide which of possibly multiple outputs to produce (ambiguity)
Differences:

1. Output is a tree rather than a string

2. Formalisms for lexing are too weak (regular expressions and finite automata)

3. Reason about ambiguity more directly in our grammar formalism (rather than only relying on
tie-break rules, longest match conventions)



Parser Generators as Compilers

Writing parsers by hand is difficult, so we often use parser generators,
similar to our lexer generators.

Adapt our formula for parser generators:
1. Design a source language for parsers: context-free grammars

2. Describe its semantics: CFGs define the set of parse trees for
every string (not just a formal language)

3. Transform into an intermediate representation: stack-based
automata

4. Generate code from the IR



Parser Generators as Compilers

Writing parsers by hand is difficult, so we often use parser generators,
similar to our lexer generators.

The theory for parser generators is not as clean as lexer generators.
Because parser generators are more powerful, they are also more
computationally expensive to analyze and compile efficiently.

In practice we work with restricted versions of CFGs that support
efficient algorithms and are flexible in practice.



Limitations of Regular Languages

Regular expressions and finite automata are not powerful enough to identify if an
iInput string is well-formed for realistic programming languages.

Example:
Languages include delimited expressions like
parentheses "(1 +2 + (3 + 4)) + 5"
braces "fn foo() { 1 }"
And reject unbalanced examples

"(1+2+ (3 +4)+5"isnot valid, unmatched left paren.



Limitations of Regular Languages

Regular expressions and finite automata are not powerful enough to identify if an
iInput string is well-formed for realistic programming languages.

Example:

Dyck language over just two character alphabet ‘(' and ')’ consists of those
words where the parentheses are balanced.

E.g., "(00W0))" but not *())(()"

Parsing a real language Is at least as hard as parsing the Dyck language.

Theorem: The Dyck language is not regular, I.e., there Iis no regular expression
expressing it.
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Limitations of Regular Languages

Theorem: The Dyck language is not regular, I.e., there is no regular expression
expressing It.

Proof:

ldea: Regular expressions are equivalent to finite automata, which have a finite
number of states. Finite states means you can only count so high.

Consider a very long string of open parentheses ((((((...n times where n is > the
number of states of the automaton. Since n is > the number of states, there

must be some smaller prefix (((((...m where m < n and the automaton reaches
the same state.

If the automaton decides the Dyck language, then (((...m)))...m is accepted, but
therefore also (((...n)))...m is also accepted, which is incorrect.
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CONTEXT FREE GRAMMARS



Context-free Grammars

» Here is a specification of the language of balanced parens:

Note: Once again we

S — (S)S have to take care to

distinguish meta-language
elements (e.g. “S” and “—")

S — € from object-language
elements (e.g. “(“ ).*

 The definition is recursive — S mentions itself.

 ldea: “derive” a string in the language by starting with S and rewriting

according to the rules:
— Example: S+— (5)S — ((S)S)S — ((€)S)S — ((¢)S)e — ((e)e)e = (())

*  You can replace the “nonterminal” S by one of its definitions anywhere

* A context-free grammar accepts a string iff there is a derivation from
the start symbol

* And, since we're writing this description in English, we are
careful distinguish the meta-meta-language (e.g. words) from the 13
meta-language and object-language (e.g. symbols) by using quotes.



CFGs Mathematically

A Context-free Grammar (CFG) consists of

A set of terminals (e.g., a lexical token or ¢)

A set of nonterminals (e.g., S anc

other syntactic variables)

A designated nonterminal called the start symbol
A set of productions: ~ LHS — RHS

e LHS is a nonterminal

« RHS is a string of terminals and nonterminals

Example: The balanced parentheses language:

S — (S)S

S — ¢

How many terminals? How many nonterminals? Productions?
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Another Example: Sum Grammar

A grammar that accepts parenthesized sums of numbers:

S — E+S | E

E — number | (S)

eg.: (1+2+3+4)+5

Note the vertical bar ‘|" is shorthand for multiple productions:

S—E+S 4 productions
S— E 2 nonterminals: S, E
E — number 4 terminals: (, ), +, number

E— (S) Start symbol: S
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Example: derive (1 + 2 + (3 + 4)) +

Derivations in CFGs

S— E+S
— (S) + S

IIIIIIIIIII

— (
(1
(
(
(
(
(
(
(
(
(
(

E+S)+5S
+S)+ S
+E+S)+ S
+2+S+S
+2+FE+S

5 S—FE+S | E
E — number | (S

For arbitrary strings a, 3, y and
production rule A — 3

a single step of the derivation is:
oAy — oy

( substitute f for an occurrence of A)

In general, there are many possible
derivations for a given string

Note: Underline indicates symbol
being expanded.
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From Derivations to Parse Trees

: S
Tree representation of the PN
derivation E + S
Leaves of the tree are terminals (/SI\) Ilz
— In-order traversal yields the input AN
sequence of tokens E + S 5
Internal nodes: nonterminals 1‘ E/I+\S Parse Tree
No information about the | |
order of the derivation steps 2 E
TN
(S )
(T+2+3+4)+5 TN\
E + S
> | |

E — number | (S) |
4 17



From Derivations to Parse Trees

e |dea: Think of the non-terminals of /?\
the CFG as mutually-recursive E + S
enum types in Rust A |

(S ) E
enum S { TN
Plus(E,PlusSign,S), E + S 5
Exp (E) TN Parse Tree
1 1T E + S
enum E { | |
Num(number), 2 /;i\
Paren(LP,S,RP) s
; TN

 Then the parse trees are E + S
the values of the enum | |
type 3 E

S—E+S | E |

E — number | (S) 4

18



From Parse Trees to Abstract Syntax
S

* Parse tree: » Abstract syntax tree
“concrete syntax” fF 4+ § (AST): n
Parse Trees TN |
enum S { (S ) E N . AST
Plus(E,PlusSign,S), TN | T 5 enum Exp {
\ Exp (E) F + S 5 Py Plus (Exp,Exp),
| AT 1 1 Num(number)
enum E { ) 1
Num(number), T E+5 N
Paren(LP,S,RP) N
\ 9 r 2 +
TN N
Cs ) 3 4
TN |
E + S * Hides, or abstracts,
; 'E unneeded information.

| S—E+S | E
4 E — number | (S) 19



Derivation Orders

 Productions of the grammar can be applied in any order.
 There are two standard orders:

— Leftmost derivation: Find the left-most nonterminal and apply a
production to it.

— Rightmost derivation: Find the right-most nonterminal and apply a
production there.

* lIdea: These are search strategies for finding a parse tree

— Both strategies (and any other) yield the same parse tree!

— Parse tree doesn’t contain the information about what order the
productions were applied.

— Just like an enum value doesn't tell you an order in which its subtrees
were constructed.
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Left- and rightmost derivations

Example

Rightmost derivation:

| eftmost derivation:

S—E+S | E

E — number | (S)

N D=
I IRT RN T S
F o+~ A + T

|
PPN )
A mEEHEAn

F o+ o+ 4 + +
N W W W WL WA

N SN SN N N N N N N N N’

N SN N N N SN N’

)

F o+t - A
N Wl O A AN A A AN AN AN AN
| F o+ + -

N SN SN N N N N N N N N N N’
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Loops and Termination

Some care is needed when defining CFGs
Consider:

S— E
E— S

— This grammar has nonterminal definitions that are “nonproductive”.
(i.e. they don’t mention any terminal symbols)

— There is no finite derivation starting from S, so the language is empty.
Consider: S— (S)

— This grammar is productive, but again there is no finite derivation starting from S, so
the language is empty

Fasily generalize these examples to a “cycle” of many nonterminals, which can

be harder to find in a large grammar

Upshot: be aware of “vacuously empty” CFG grammars.

— Every nonterminal should eventually rewrite to an alternative that contains only
terminal symbols.
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Regular Expressions to CFGs

Theorem: every Regex can be expressed as a CFG, i.e. there is a CFG that generates exactly
the strings in the Regex

— ‘a’ S->a
Rz, S with no productions
— € S->¢
— R~| ‘ R2 S -> S-]
S -> SQ

where S1-> ... and S -> ... are CFGs for R1 Ro

_ R1 R2 S > 81 SQ
where S1-> ... and So -> ... are CFGs for Ry R»

- R* S->¢
S->SRS

where Sr -> ... is CFG for R
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Associativity, ambiguity, and precedence.

GRAMMARS FOR
PROGRAMMING LANGUAGES



Associativity

Consider the input: 1 +2 + 3

Leftmost derivation: Rightmost derivation:

S— E+5S S—E+S
|—>1+§ I—>E+E+§
— 1T +E+ S — E+E+ E
— 1 +2+S — E+E+ 3
— 1 +2 +E — E+2 + 3
— 1 +2 +3 — 1 +2 + 3
N
1 4+ AST
N

S—E+S | E
E — number | (S)

S

TN
+ S

E

| TN
1T E + S
| I
2 E
|
3

Parse Tree
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Associativity

This grammar makes ‘+" right associative...

— i.e., the abstract syntax tree is the same for both
T+2+3and 1+ (2 + 3)

Note that the grammar is right recursive...

SHE+S‘\E/

E — number | (S)

How would you make ‘+’ left associative?
What are the trees for “1 + 2 + 3”7¢

S refers to itself
on the right of +
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Ambiguity

Consider this grammar:
S — S+

| (S) | number

Claim: it accepts the same set of strings as the previous one.

What’s the difference?

Consider these two leftmost derivations:
- S—-S+S—~1+S—-1T+S+S—1T+2+S—1T+2+3
- S—-S+5—~S+S5S+S5S—1T+S+S—1T+2+S—1T+2+3

One derivation gives left
associativity, the other gives
right associativity to '+’

— Which is which?

+ +
N PN
+ 3 1 N
N PN
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Why do we care about ambiguity?

The ‘+" operation is associative, so it doesn’t matter which tree we pick.
Mathematically, x+(y+2z)=(x+y) +z

— But, some operations aren’t associative. Examples?

— Some operations are only left (or right) associative. Examples?

Moreover, if there are multiple operations, ambiguity in the grammar
leads to ambiguity in their precedence

Consider:
S — S+S | $*S | (S) | number

Input: 1T +2 * 3 " T
— Oneparse=(1+2)*3=9 N N
— Theother=1+@Q2 *3)=7 4 3 VS, T x

N\ N\
1 2 2 3
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Eliminating Ambiguity

We can often eliminate ambiguity by adding nonterminals and
allowing recursion only on the left (or right) .

Higher-precedence operators go farther from the start symbol.
Example:

S+— S+S | S*S | (S) | number

To disambiguate:

— Decide (following math) to make “*" higher precedence than ‘+’
— Make ‘+’ left associative

— Make *' right associative Sog — Sp+ 5 ‘ 51
Note:

— S, corresponds to ‘atomic’
expressions S, — number [ (Sp)

St — %5 | S

29



Context Free Grammars: Summary

« Context-free grammars allow concise specifications of
programming languages.
— An unambiguous CFG specifies how to parse: convert a token stream to
a parse tree
— Parse trees describe what productions were used to construct the string

— Derivations describe a trace of what order the productions were used
I

— Ambiguity can (often) be removed by encoding precedence and
associativity in the grammar.

« Even with an unambiguous CFG, there may be more than one
derivation

— Though all derivations correspond to the same parse tree.

» Next time: parsing CFGs
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Searching for derivations.

LL & LR PARSING



CFGs In Practice

Context-free Grammars are elegant, declarative specifications,
generalizing regular expressions

A parser for a CFG amounts to a search procedure for derivations

Unlike regular expressions, which are easily compiled to linear time
recognizers, practical algorithms for parsing general CFGs are O(n/\3)
in input string length

— Compromise: add restrictions to the CFGs

« Benefit: Linear time
« Drawback: have to rewrite the grammar to make it fit the restrictions
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Classification of Grammars
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LL(1T) GRAMMARS



Consider finding left-most derivations

Look at only one input symbol at a time.

Partly-derived String

|92

I A

AN O ™S N N N N N N

—_ - M

— — e— —

| ook-ahead

(

(
1
1
2
2
(
(
3
3

S—E+S | E
E — number | (S)

Parsed/Unparsed Input
1+2+3+4)+5
1T+2+3+4

(
+2+3+4
+2+3+4
1+2+3+4
T4+ 2+ (
T+ 2 +(
1 (
1 (
1 (

— —

5
5
5
5

o
I

+ 2 +
+ 2 +

(
( )) +
( )) +
( )) +
( )) +
( )) + 5
( 3+4)+5
( 3+4)+5
( 3+4)+5
( 3+4)+5

+ 2 +
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to apply based on the look-ahead symbol.

There is a problem

»  We want to decide which production S—E+S | E

E — number | (S)

* But, there is a choice:

(1)

(1) + 2

S— E— (5) — (F) — (1)

S—E+S

— (S)+S— EFE)+S— 1) +S— (1)+E— (1) +2

» Given the look-ahead symbol: ‘(“ it isn’t clear whether to pick
or S— E+S first.

S— E
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Grammar is the problem

Not all grammars can be parsed “top-down” with only a single

lookahead symbol.

lop-down: starting from the start symbol (root of the parse tree) and

going down

LL(T) means
— Left-to-right scanning

— Left-most derivation,
— 1 lookahead symbol

This language isn’t “LL(1)"
Is it LL(k) for some k?

What can we do?

S—E+S | E
E — number | (S)
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Making a grammar LL(1)

Problem: We can’t decide which S production to apply until we see
the symbol after the first expression.

Solution: “Left-factor” the grammar. There is a common S prefix for
each choice, so add a new non-terminal S” at the decision point:

S—E+S | E S — ES
E — number | (S) DS
S'— + 5

E — number | (S)

Also need to eliminate left-recursion somehow. Why?

Consider:
S—S+E | E
E — number | (S)
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Look at only one input symbol at a time.

LL(1) Parse of the input string

Partly-derived String

S

!
lmn
&

I

I A A

| ook-ahead

(
(

No

S — EY
S"— &

S"— + S

E — number

Parsed/Unparsed Input

(’+2+B+4»+5
(T+2+3+4)+

(T+2+3+4)+

(T+2+3+4)+

(T+2+3+4)+5
(T+2+3+4)+5
(T+2+3+4)+5
(T+2+3+4)+5
(T+2+3+4)+5
(T+2+3+4)+5
(T+2+3+4)+5
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Predictive Parsing

* Given an LL(1) grammar:

— For a given nonterminal, the lookahead symbol uniquely determines the
production to apply.

— Top-down parsing = predictive parsing T — 5%

— Driven by a predictive parsing table: S — ES
nonterminal * input token = production S g

S"+— + 5

E — number | (S)

—m———

B S$
— E S’ HES’

— + 5 — € — €
— num — (S)

* Note: it is convenient to add a special end-of-file token $ and a start
symbol T (top-level) that requires $.
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How do we construct the parse table?

Consider a given production: A = ¥y

Construct the set of all input tokens that may appear first in strings that
can be derived from vy

— Add the production = v to the entry (A,token) for each such token.

If v can derive ¢ (the empty string), then we construct the set of all input
tokens that may fol/low the nonterminal A in the grammar.

— Add the production = v to the entry (A, token) for each such token.

Note: The grammar is LL(1) if and only if all entries have at most one
production
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Example

* First(T) = First(S)

* First(S) = First(E) 15‘ : Eg,
 First(S’) =1{+} S e
 First(E) = { number, ‘(" } S’ — + S

E — number | (S)
o FOI OW(S/) = FO“OW(S) Note: we want the least

e Fol OW(S) = { $, ’)’ lu FO”OW(S/) solution to this system of set

equations... a fixpoint
computation. Just like in
program analysis!




Converting the table to code

Define n mutually recursive functions

— one for each nonterminal A: parse_A

— The type of parse_Ais () -> ast if A is not an auxiliary nonterminal

— Parse functions for auxiliary nonterminals (e.g., S’) take extra ast’s as inputs,
one for each nonterminal in the “factored” prefix.

Fach function “peeks” at

prodt

Consume terminal tokens

Ca
If t

| parse_X to create su

ne rule ends in an auxi

auxiliary rule is responsib

the lookahead token and then follows the

ction rule in the corresponding entry.

from the input stream

h-tree for nonterminal X

iary nonterminal, call it with appropriate ast’s. (The

e for creating the ast after looking at more input.)

Otherwise, this function builds the ast tree itself and returns it.
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Hand-generated LL(1) code for the table above.

DEMO: HANDPARSER.RS
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LL(T) Summary

Top-down parsing that finds the leftmost derivation.

Language Grammar
= LL(T) grammar (manual rewrite)

= prediction table (intermediate representation)

= recursive-descent parser (code generation)

Problems:
— Grammar must be LL(1)
— Can extend to LL(k) (it just makes the table bigger)

— Grammar cannot be left recursive (parser functions will loop!)

s there a better way?
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