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In simple type theory STT we have three fundamental notions: types A, terms
' M : A and equalities between terms I' - M = N : A.

As with IPL, the different connectives of STT (1, x,0,+,=>) are all presented
independently, and so the system makes sense for any choice of which connectives
to include. If we are speaking of a subsystem we will write the connectives explic-
itly, for instance STT(1, x,=>) is simple type theory with only the singleton, prod-
uct and function types. If we write STT by itself, it should mean the full system
STT(1, x,0,+,=).

In IPL in addition to the connectives we also considered propositional variables
and axioms, which we grouped together as a signature ¥ = (3¢, 3).

In STT, we have an analogous notion of signature which includes three things:
base types, function symbols, and equational axioms. The base types are the analog of
propositional variables, function symbols are the analog of IPL axioms, and equational
axioms are fundamentally new.

Definition 1. Given a set Xg of base types, an STT type is one inductively generated
by the base types in Xy, 0,1 and closed under x,+,=. We call this set STT(X¢)4,-

An analogous definition can be provided for any subsystem of STT. For instance
STT(1, x,=)(X0)sy is the set inductively generated by the base types in Xy, 1 and
closed under x,=.

Definition 2. Given a set ¥ of base types, an arity is a pair of a finite sequence of
STT types STT(X);, and an output type STT(Xo)y,. A function symbol is a name f
and an arity. We write this as f : Ag,... — B.

A set of function symbols relative to ¥g is a set 31 of function symbols all of whose
names are different.

Given a set of base types Xy and a set ¥y of function symbols relative to X1 we
can define the terms I' Fgrr(s,s,) M : A to be generated by the rules of simple type

theory and the function symbol application rule:

f . Ao, ...~ B¢ 21 I l_STT(EO,El) MO . A()
I '_STT(ZO,El) f(M(), .. ) : B
If X9, 31 are clear from the context then we will simply write ' = M : A.
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Definition 3. Given a set ¥ of function symbols and a set ¥y of axioms relative to
it, an equational axiom is a quadrule (I'; A, M, N') where I, A are well-formed relative
toYgand ' M : A and ' = N : A are well-formed relative to ¥, 3.

Definition 4. An STT signature Y is a triple (Xo, X1, X2) of a set Xg of base types,
a set 31 of function symbols relative to ¥y and a set ¥y of equational axioms relative
to Zo, Zl .

We write STT(X) for the system of types, terms and equations generated by simple
type theory under X.

Now fix a signature ¥ = (3o, X1, X).
Types (written A, B, C') are inductively generated as follows

X el A type B type A type B type
X type 1 type A x B type A = B type 0 type

A type B type
A+ B type

Contexts (written I') A| =) are inductively generated as follows:

I' type A type

- type
P Iz : A type

where the variable x is assumed never to occur in I'.
Terms are inductively generated as follows:

r:Ael f:AO,...—>B€§Jl F'_M():AO
———— ASSUMPTION FuNSymBOL
FFzx: A 'k f(My,...): B
'=M:0
— 11 0E
re():1 'k caseg M{}: B
Fl_MllAl Fl_MziAQ Fl_NiA1XA2 Fl_NZA1XA2
x1 xE1 xE2
Fl_(Ml,MQ)IA1XA2 F|_7T1N2A1 F}_’YTQNIAQ
e:AFM:B '-FM:A=B 'EN:A
=1 =E
'FXM:A= B 'FMN:B
F"MllAl F"MQIAQ

I1 12

+ +
Fl_ilMliAl—{—Ag F"igMglAl—i—AQ

P"M:Al—I—AQ F,I’liAll_NliB F,ZEliAli_NQIB
I'F case; M{iyzy — Nyliszg — No} : B

+E
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Where in the A rule, z is assumed not to occur in I'" and in the +E rule, z, x5 are
similarly assumed not to occur in I'.

A substitution v : A — T' is a function that takes every x : A € I" to a well-typed
term A F y(x) : A. This can equivalently be described inductively as follows:

v:A—=T AFM:A
A — - v M/x: A =T z: A

And finally the equational theory of STT. The rules come in three groups. First
the logical rules: reflexivity, transitivity, symmetry and the axioms.

I'EM: A I'FEN=M:A
REFL Sym
T'FM=M:A I'FM=N:A
I'FM=N:A I'EN=P: A (F,A,M,N)GZQ
TRANS
r'EM=P: A 'FEM=N:A

Then the congruence rules for each term former and substitution:



Le:AFrM=M:B '-N=N:A

SuBSTCONG
T M[N/z] = M'[N'/] : B HESTOR
flAm...-)BGZl Fl‘MgZMéAO .
7 FunSymMBCONG
I'F f(Mo,...)=f(M),...): B
'FM=M:0
OECoNG

I'F caseg M{} = caseg M'{} : B

Fl_MIIMiiAl Fl_MQIMéAQ

ICoNG
TF (M, M) = (M, M) : Ay x Ay on

Fl_N:N/ZA1XA2 Fl_N:N/ZA1XA2
- xE1CoNG - xE2CoNG
F}_ﬂ'lN:TFlN IAl P}_T‘-QN:']TQN IAQ

Lo:A-M=M:B

(e
TFE oM = a M A=pB  ~oN¢

'FM=M:A=1B 'EN=N:A

— =ECoNG
I'FMN=MN'":B
F}_Mle{IAl PFMQZMQAQ
- — +I1CoNG - — +I2CoNG
F"ZlMlzZlMliAl—l—Ag F"ZQMQZZQMQZA:[—FAQ

F"M:M/IAl—f—AQ F,IliAll_leN{ZB F,C(IliAll_NQ:NéiB
[+ casey M{iyxy — Nilizzg — No} = case, M'{iyz} — Njliqzy — N3} : B

+ECoNG

Finally the 7 rules.



I'EM:1 FPMIIAl F|_M2:A2

1 1
TFM=(:1 " TF (M, My) = M, A,

F|_M1IA1 Fl_MQZAQ 52 Fl_MIA1><A2
X X
F|_7T2(M1,M2):M22A2 Fl_M:(ﬂ'lM,TFQM)ZAl XAQ 7

Lx:AFM:B 'EN:A '-M:A=B

T OwdM)N = M[N/]: B " TFM=)eMz:A=B "

z:0el '-M:B

0
' M =casepz{} : B K

F"MliAl F,ZEliAl}_NlZB F,ZL‘QZAQI_NQIB /81
+
'k case 7;1M1{7;1.f171 — N1’i2$2 — NQ} = Nl[Ml/.Cljl] - B

FI_MQIAQ F,ZEliAl}_NlIB F,I'QZAQI_NQZB /81
+
'+ case iQMQ{ilxl — N1|7:21’2 — NQ} = Nl [M1/$1] - B

v: A +Ayel I'-M:B
+
['E M = case, x{iyzy — Mliyzy/z]|igxy — Mligxs/x]|} : B 1

The following equational reasoning principles are then admissible:

I'EM:1 I'EN:1

1nAvLT
'FM=N:1

Fl_MIA1XA2 Fl_NZA1XA2
P'_7T1M:7T1NIA1 F|_7T2M:7T2NZA2

XnALT
F"M:NIA1XA2

'-M:A= B 'FN:A=1B Ne:AFMx=Nz:B
'-M=N:A=10B

= nALT

'EP:0 '-M:B I'EN:B

OnArrt
'FM=N:B

Fl_PiAl—FAQ F,$ZA1+A2|_M:B F,x:A1+A2|—N:B
F,Zl’,’liAl l_M[Zl.fCl/fL’] :N[le'l/l']B F,SCQIAQ l_M[ZQ.CCQ/fE] :N[ZQSUQ/ZC]B rA
LT
T+ M[P/z] = N[P/a]: B !




